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Abstrat
We onsider orrelation properties of twophoton polarization states in the parametri
down-onversion proess. In our desription of polarization states we take into aount
the simultaneous presene of olored and white noise in the density matrix. Within the
onsidered model we study the dependene of the von Neumann entropy on the noise
amount in the system and derive the separability ondition for the density matrix of
twophoton polarization state, using Pere-Horodeki riterion and majorization riterion.
Then the dependene of the Bell operator (in CHSH form) on noise is studied. As a
result, we give a ondition for determining the presene of quantum orrelation states in
experimental measurements of the Bell operator. Finally, we ompare our alulations
with experimental data [4℄ and give a noise amount estimation in the photon polarization
state onsidered there.
1 Introdution
In 1982 Aspet's group (Alain Aspet et. al. [1℄) performed a veriation experiment for
possible violation of Bell's inequalities in Clauser-Horne-Shimony-Holt (CHSH) form [2℄, where
a orrelation measurement of twophoton polarization states was provided. Experimental data
gave Bell's inequality violation by ve standard deviations. Measurement results orresponded
well with preditions of quantum mehanis. Numerous later experiments showed that their
results are in agreement with the quantum mehanial desription of nature.
Thus, spei quantum orrelations obtained the status of reality, and entangled states,
whih provide suh orrelations, beame an objet of intensive researh. It turned out that
entanglement an play in essene the role of a new resoure in suh sienti areas as quantum
ryptography, quantum teleportation, quantum ommuniation and quantum omputation.
This beame a great stimulus for researhing methods of reating, aumulating, distributing
and broadasting this resoure.
One of the most important questions in the onsidered topi onerns methods of identifying
the presene of entanglement in one or another realisti quantum mehanial state. Sine
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entangled states violate Bell's inequalities, the violation of Bell's inequalities an be a basi
tool to detet entanglement. In realisti appliations pure entangled states beome mixed
states due to dierent types of noise. Thus a question about robustness of Bell's inequalities
violation against the noise arises. In other words, one wants to know, under what proportion
of an entangled state and noise in a realisti mixed state the presene of entanglement an be
disovered.
The most reliable soure of two-party entanglement are polarization-entangled photons re-
ated by the parametri down-onversion proess (PDC) [3℄.
2 Noise-present entanglement detetion
In 2006 a paper by Bovino (Fabio A. Bovino et al. [4℄) appeared. It onerned the ex-
perimental veriation of the CHSH inequality robustness against olored noise. A rystal
(beta-barium borate) was irradiated by a laser, working in pulsed mode, and in the PDC pro-
ess photon pairs in polarization-orrelated states were reated. These states orrespond to the
following polarization density matrix:
ρˆ = p|Φ+〉〈Φ+|+ 1− p
2
(|00〉〈00|+ |11〉〈11|), (1)
where |Φ+〉 = 1√
2
(|00〉+ |11〉) is one of the four entangled Bell's states. State |1〉 orresponds to
ordinary polarization and state |0〉 orreponds to extraordinary ray polarization in the uniaxial
rystal.
In the urrent paper theoretial analysis for robustness of Bell's inequality (in CHSH form)
violation with simultaneous presene of olored and white noise is performed. The density
matrix for the twophoton polarization state in suh a generalized model an be expressed in
the form:
ρˆCW = p|Φ+〉〈Φ+|+ r
2
(|00〉〈00|+ |11〉〈11|) + 1− (p+ r)
4
Iˆ . (2)
Varying the parameter p in the range from 0 to 1, one an hange the pure state |Φ+〉 fration
in (2), and hanging r from 0 to (1 − p), with the value of p xed, one an adjust relative
olored and white noise frations.
For r = 0 we have the partiular ase of olored noise absene:
ρˆW = p|Φ+〉〈Φ+|+ 1− p
4
Iˆ , (3)
where Iˆ is the 4×4 identity matrix. These states are alled Werner states [5℄. And for r = 1−p
we have (1), whih is the ase of white noise absene.
Examine rst the general struture of the density matrix (2). In the basi states represen-
tation {|00〉, |01〉, |10〉, |11〉} the density matrix looks as following:
ρCW =


1
4
(p+ r + 1) 0 0 1
2
p
0 1
4
(1− p− r) 0 0
0 0 1
4
(1− p− r) 0
1
2
p 0 0 1
4
(p+ r + 1)

 , (4)
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while in the Bell's states representation { |Φ+〉 = 1√
2
(|00〉 + |11〉), |Φ−〉 = 1√
2
(|00〉 − |11〉),
|Ψ+〉 = 1√
2
(|01〉+ |10〉), |Ψ−〉 = 1√
2
(|01〉 − |10〉) } the density matrix is diagonal:
ρdiagCW =


1
4
(1 + 3p+ r) 0 0 0
0 1
4
(1− p + r) 0 0
0 0 1
4
(1− p− r) 0
0 0 0 1
4
(1− p− r)

 . (5)
Numbers λi, whih are on the diagonal, are the eigenvalues of the density matrix (4).
Thus, (2) an be represented by means of the projetor operators on the Bell's states:
ρCW =
1
4
(1 + 3p+ r)|Φ+〉〈Φ+|+ 1
4
(1− p+ r)|Φ−〉〈Φ−|+
+
1
4
(1− p− r)|Ψ+〉〈Ψ+|+ 1
4
(1− p− r)|Ψ−〉〈Ψ−|.
(6)
For p = 0 and r = 0 all basi states go into (6) with equal weight oeients W = 1
4
, i.e.
the density operator is proportional to unit operator, and for p = 1, r = 0: ρCW = |Φ+〉〈Φ+|
we have a pure state.
Figure 1: The surfae of the von Neumann entropy values of the density matrix (2) depending
on the values of p and r parameters.
In the Fig. 1 the von Neumann entropy dependene as a (p,r)-parameter funtion is repre-
sented: S(ρCW ) = S(p, r) = −Tr(ρ log ρ) = −
∑
i λi log λi.
For p = 1, r = 0 the von Neumann entropy is zero, and for p = 0, r = 0 it reahes its
maximal value S = 2.
The matrix obtained from (4) by partial transpose of states of the rst subsystem is the
following:
ρTA =


1
4
(p+ r + 1) 0 0 0
0 1
4
(1− p− r) 1
2
p 0
0 1
2
p 1
4
(1− p− r) 0
0 0 0 1
4
(p+ r + 1)

 , (7)
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and after the diagonalization:
ρTAdiag =


1
4
(p+ r + 1) 0 0 0
0 1
4
(1 + p+ r) 0 0
0 0 1
4
(1 + p− r) 0
0 0 0 1
4
(1− 3p− r)

 . (8)
Here eigenvalues λT1 =
1
4
(1+ p+ r), λT2 =
1
4
(1+ p+ r), λT3 =
1
4
(1+ p− r), λT4 = 14(1−3p− r)
are given in a way, that they satisfy the inequality:
λT1 ≥ λT2 ≥ λT3 ≥ λT4 . (9)
Sine ρCW in (2) is valid only for 0 ≤ p ≤ 1, 0 ≤ p+r ≤ 1, then λT1 , λT2 , λT3 are nonnegative
for any valid values of p and r, while λT4 is negative for 3p + r > 1. Aording to the Pere-
Horodeki riterion [6, 7℄ for systems, whih onsist of two subsystems with the dimensions
m × n ≤ 6, where m and n are dimensions of rst and seond subsystem, respetively, the
neessary and suient ondition for the state separability is the ondition of non-negativity
of all eigenvalues of the density matrix ρTA .
In the ase, onsidered in present paper, the state (2) is separable, and thus unentangled,
under the following ondition: {
3p+ r < 1,
0 < p < 1.
(10)
Figure 2: The lled area orresponds to the set of values of p and r parameters, for whih the
state (2) is inseparable.
In the Fig. 2 the lled area in the OAB triangle orresponds to inseparable (entangled)
states. For a xed value p < 1
3
a separable state an beome inseparable, if one inreases the
olored noise fration while reduing the white noise fration (by inreasing the value of the
4
r parameter). For the Werner state (r = 0) we obtain the well-known result[5℄: the state is
separable for p < 1
3
.
For p + r = 1 (white noise absene) one obtains λT4 = −12p < 0, whih orresponds well to
the known statement [8℄ that under presene of some olored noise fration and simultaneous
absene of white noise the state (2) is remaining entangled (inseparable).
The redued density matrix of the rst and the seond subsystem in the state (2) is propor-
tional to the unit matrix: ρA = 1
2
Iˆ, ρB = 1
2
Iˆ and independent from p and r. Thus, measurement
of the polarization state of a single photon in (2) in any orthogonal basis gives the same result.
We now apply the majorization riterion [9℄ to the state (2).
Aording to the riterion, if a density matrix ρ is separable, then the following ondition
is satised:
λ↓ρ ≺ λ↓ρA and λ↓ρ ≺ λ↓ρB , (11)
where λ↓ρ denotes the vetor, whose omponents are the eigenvalues of the matrix ρ, put in
the noninreasing order, and one an say, that the vetor x↓ is majorized by the vetor y↓, if∑k
i=1 x
↓
i ≤
∑k
i=1 y
↓
i , k = 1, 2, 3, . . . , d, where d is the dimension of the Hilbert spae of states
and equality is ahieved if and only if k = d.
In our ase
x↓ =


λ1
λ2
λ3
λ4

 , y↓ =


1
2
1
2
0
0

 ,
where λ1 =
1
4
(1 + 3p+ r), λ2 =
1
4
(1− p+ r), λ3 = 14(1− p− r), λ4 = 14(1− p− r).
Then aording to the majorization riterion:

λ1 <
1
2
λ1 + λ2 <
1
2
+ 1
2
λ1 + λ2 + λ3 <
1
2
+ 1
2
+ 0
λ1 + λ2 + λ3 + λ4 =
1
2
+ 1
2
+ 0 + 0
⇒


3p+ r < 1
p+ r < 1
p+ r < 1
1 = 1
.
The seond and the third inequality are always satised, if the rst inequality is satised.
Therefore, the state (2) is separable, if the ondition 3p + r < 1 is satised, whih oinides
with the ondition, obtained from the Pere-Horodeki riterion.
Consider now, under what onditions the state (2) violates the Bell's inequality in the CHSH
form
|β| ≤ 2, (12)
where
β = −〈A0B0〉 − 〈A0B1〉 − 〈A1B0〉+ 〈A1B1〉 (13)
is alled the Bell operator.
For maximal Bell's inequality (12) violation analysis, separately in states with white (3)
and olored (1) noise, in a paper by Cabello (Adan Cabello at al. [8℄) the following onequbit
observables were taken: 

A0 = σz,
A1 = cos(θ)σz + sin(θ)σx,
B0 = cos(φ)σz + sin(φ)σx,
B1 = cos(φ− θ)σz + sin(φ− θ)σx.
(14)
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The θ and φ parameters in (14) determine the orientation of analyzers in experimental
devies, σx and σz are the usual Pauli matries. Computations showed, that for the Werner
state (3) the maximal value of β as a p-parameter funtion is the following:
βmax(p) = 2
√
2p (15)
and for all values of p the maximal value β is obtained by θ = pi
2
, φ = pi
4
.
Thus, Bell's inequality (12) is violated only for p > 1/
√
2 ≈ 0.707. This implies, that in the
ase, when the entangled state |Φ+〉 is distorted only by white noise, entanglement presene
an be deteted if noise proportion is less then ∼ 29%.
In the presene of olored noise (1) the maximal value of β for dierent values of p is ahieved
at dierent values of angles θ and φ. The most interesting fat is that the state (1) violates the
CHSH inequality for all values 0 < p ≤ 1. Thus, Bell's inequality violation is extremely robust
against olored noise.
In the state (2) the quantity β, whih responds to onequbit observables (14) is a four-
parameter funtion:
βCW (p, r, θ, φ) = cos(φ)[(2p+ r)(sin
2(θ) + cos(θ)) +
+rcos(θ)]− sin(φ)(2p+ r)[cos(θ)− 1]sin(θ). (16)
In the olored noise absene (r = 0) we have:
βW (p, θ, φ) = 2p{cos(φ)[sin2(θ) + cos(θ)]− sin(φ)[cos(θ)− 1]sin(θ)}, (17)
and in the white noise absene (r = 1− p):
βC(p, θ, φ) = cos(φ)[(1 + p)sin
2(θ) + 2cos(θ)]− sin(φ)(1 + p)[cos(θ)− 1]sin(θ). (18)
For xed values of the p and r parameters the expression (16) is a funtion of θ and φ.
Solving the extremum problem for the two-variable funtion, one an nd the maximal values
βmaxCW (p, r), as well as the angles θ and φ, that provide the maximal βCW (p, r).
In the Fig. 3 the shaded surfae graphially displays the βmaxCW (p, r) as a funtion of two
variables p and r. For omparison the plane β = 2, whih is the boundary value of Bell's
inequality, is also represented in the gure. The surfae path above the plane β = 2 is the
CHSH inequality violation area.
In the Fig. 4 projetions of the traes β = const on the (p, r)-plane with the surfae
βmaxCW (p, r) are represented. From the gure one an see that the straight line p + r = 1 (white
noise absene) fully lies in the βmax > 2 area, whih orresponds to the above onlusion, that
Bell's inequality violation is robust against olored noise. For r = 0 (olored noise absene)
Bell's inequality is violated only for p > 1/
√
2. For any xed p (pure entangled state weight
fator) the value of βmaxCW dereases with the inreasing white noise fration. Thus, as expeted,
adding some amount of white noise to olored one an reah better agreement of theoretially
omputed βmax values with experimental ones. Bell's inequality violation is unsteady under
the inreasing of white noise fration for a xed total amount (white and olored) of noise.
In the Fig. 5 the βmaxCW (p, r) dependene on p in two boundary ases is given: r + p = 1 is
white noise absene (top urve) and r = 0 is olored noise absene (bottom dashed straight
line). The boundary ase dependenies of βmax on p and r oinide with the ones from the
work [4℄.
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Figure 3: 3D Plot for the maximal Bell operator values, and the βCW = 2 plane, that orre-
sponds to the lassial bound.
Figure 4: Contour plot for βmax(p, r) = const - maximal Bell operator values on oordinate
plane (p, r).
In the Fig. 6 the values of the angles θ and φ, that provide maximal values of the Bell
operator, are represented. Two solid urves orrespond to the ase, when in the twophoton
polarization state (2) white noise is absent (p + r = 1), and two dashed lines orrespond to
the ase, when olored and white noise enter into the expression (2) with the same weight
r = (1 − p)/2. Solid urves oinide with the ones plotted in the work [4℄. From the gure
one an see that the values of the angles θ and φ for a xed pure entangled state fration (p is
onstant) depend on the distribution of weighting oeients of white and olored noise. Thus,
the orientation of the analyzers for obtaining maximal values of β depends on the fration
distribution between white and olored noise.
In the Fig. 7 the points represent the experimental maximal values of β from the work [4℄;
7
Figure 5: Maximal Bell operator values in the ase r = 1 − p is white noise absene(top
urve) and r = 0 is olored noise absene (bottom dashed straight line). Classial bound is 2.
Tsirelson's bound [10℄ is 2
√
2 = 2.83.
Figure 6: The values of the θ and φ parameters that orrespond to the maximal Bell operator
values (two solid urves onern to the ase r = 1− p  white noise absene; two dashed urves
onern to r = (1− p)/2  equal weight oeients for white and olored noise).
the dashed urve displays theoretial predition for the maximal values of β on the oneparameter
olored noise model [8℄; the solid urve illustrates theoretial alulations on the twoparameter
(generalized) noise model with the white noise fration being 3.5% of the total noise amount in
the system. In the gure we an see that for suh a noise proportion experimental data better
orresponds to theoretial preditions, i.e. the generalized (twoparameter) noise model is more
preise then the oneparameter for the desription of realisti states. But in this ase too, as
one an see in the gure, some experimental points lie above and below the theoretial urve.
Aording to the twoparameter model, this is explained by the fat that by moving from one
point to other not only does the total noise amount in the system hange, but relative frations
of white and olored noise do too.
This kind of interpretation is absolutely logial, beause for the eah measurement experi-
mental setup is tuned up in a new way (partiulary, one has to hange the analyzers orientation
8
Figure 7: The points represent experimental maximal values of β from the work [4℄; the dashed
urve is the theoretial predition for the maximal values of β in the oneparameter olored noise
model [8℄; the solid urve shows theoretial alulations in the twoparameter (generalized) noise
model with the white noise fration being 3.5% of the total noise amount in the system.
Nr. p 1− p white,% olored,% r
1 0.02 0.98 2 98 0.96
2 0.06 0.97 3 97 0.92
3 0.17 0.83 4 96 0.80
4 0.24 0.76 2 98 0.75
5 0.32 0.68 2 98 0.67
6 0.42 0.58 5 95 0.55
7 0.52 0.48 5 95 0.46
8 0.64 0.36 7 93 0.40
9 0.75 0.25 15 85 0.21
10 0.85 0.15 15 85 0.13
Table of noise proportions in the system.
Correspondene with experimental points in the Fig.7
in spae). Remaining in the theoretial model, whih is onsidered in this work, and hoosing
the orresponding value of the r parameter values for eah experimental point (for xed p)
one an fully onform theoretial omputations with the experimental data. Let us reall, that
the preseleted values of the parameters p and r, aording to our model, determine the pure
entangled state fration and relative noise frations. The perentage of white and olored noise
frations, that give oinidene between theoretial values βmax and experimental data, are
represented in the table. Experimental data were taken from the gure in the work [4℄.
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3 Conlusions
For adequate modeling of the twophoton polarization state, reated in the parametri down-
onversion proess (PDC type II), one should take into aount the presene of olored as well
as white noise.
The separability ondition for the state ρCW , obtained using the Pere-Horodeki riterion is
the same as the ondition obtained using the majorization riterion. A state ρCW is separable,
when 3p+ r < 1.
While Bell's inequality violation is extremely robust against olored noise (Bell's inequality
is violated for all 0 < p ≤ 1), the violation is unsteady under white noise. White noise
presene, that is determined by a weighting oeient of just 0.1 (p + r = 0.9), as one an
see in the Fig. 4, leads to Bell's inequality violation only for p & 0.5. Simultaneously taking
into aount both olored and white noise gives possibility to onform theoretial omputations
with experimental data. Taking p and r as adjustable parameters one an determine olored
and white noise frations by omparison of theoretial alulations with experimental data.
Referenes
[1℄ A. Aspet, J. Dalibard, and G. Roger, Phys. Rev. Lett 49, 1804 (1982).
[2℄ J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt, Phys. Rev. Lett. 23, 880 (1969).
[3℄ P. G. Kwait, K. Mattle, H. Weinfurter, A. Zeilinger, A. V. Sergienko, Y. Shih, Phys. Rev.
Lett. 75, 4337 (1995).
[4℄ F. A. Bovino and G. Castagnoli, A. Cabello, A. Lamas-Linares, Phys. Rev. A 73, 062110
(2006); arXiv: quant-ph/0511265.
[5℄ R. F. Werner, Phys. Rev. A 40, 4277 (1989).
[6℄ A. Pere, Phys. Rev. Lett. 77, 1413 (1996).
[7℄ M. Horodeki, P. Horodeki, and R. Horodeki, Phys. Lett. A 223, 8 (1996).
[8℄ A. Cabello and A. Feito, A. Lamas-Linares, Phys. Rev. A 72, 052112 (2005).
[9℄ M. Nielsen and J. Kemple, quant-ph/0011117
[10℄ B. S. Tsirelson, Lett. Math. Phys. 4, 93 (1980).
10
